We present the formalism of Matano's method and an effective expression for the Matano plane position in finite systems. The flux formula for mixtures with volume change avoids the specific assumptions of Sauer and Freise. The classical case of diffusion between two semiinfinite media, with a concentration discontinuity as the initial condition is extended to finite diffusion couple and can also be applied if a volume change occurs. The formulae related to the diffusion coefficient and Matano plane position are independent of the origin of the coordinate system. The paper explains which assumptions are important and natural in this theory.
Introduction
Since its discovery in the binary alloy [25] and the following analysis by Darken [9] , the Kirkendall effect assumed an essential role in the diffusion theory. It is the most explicit evidence for the occurrence of convection generated by the locally non-balanced diffusion fluxes. Darken postulated defining the marker velocity (lattice velocity) as the proper frame of reference for diffusion. If the Kirkendall plane is unique, the inert markers should be at the same plane during diffusion as well as after annealing. The subsequent development of atomistic theories of diffusion coupled with the Onsager thermodynamics of irreversible processes laid the foundation for current understanding the interdiffusion phenomenon in alloys [14] . The Darken analysis was extended to multi-component finite systems showing composition independent overall volume [7] and existence and uniqueness for such problem was proved [8] .
Brenner was first to consider this concept in hydrodynamics [3, 4] . Noting the Kirkendall-like conflict between marker and mass velocity experiments in fluids, he suggested that a different velocity, the fluid volume velocity, is the proper frame of reference for diffusion [7, 8] . Volume velocity is defined as overall volume flux in fluid, i.e., volume flux due to convection and diffusion. Generally, the interdiffusion coefficients depend on composition. Several methods have been proposed for calculating the concentration-dependent diffusivities based on experimental data [11, 13, 15, 16, 18, 21, 24] . All of them use Matano's concept of determining the diffusion coefficient for a given concentration of a curve c = c(x) in a solid [20] . Matano applied the method already developed fourty years earlier by Boltzmann [1] for the calculation of diffusivities in liquids. In his method Matano adapted the solution given by Boltzmann, but derived the concentration dependent diffusivity from the data of the variation of the penetration curve measured at a fixed time. Since then it is called the Boltzmann-Matano method. The Boltzmann-Matano analysis [20] requires to determine the position of the Matano plane, x M . The modification of this method was proposed by Sauer and Freise [24] , they defined the flow densities and diffusion coefficients according to the methods the thermodynamics of irreversible processes. Their modification allows analyzing arbitrary system in which overall volume changes, this leads to more accurate results, but require certain constraints on diffusivities, (17)- (19) . The derived flux formula avoided the special kinetic assumptions of Prager [22] . Dayananda and Sohn [8] proposed to calculate average interdiffusion coefficients by considering only one diffusion couple and assuming these coefficients to be constant on a composition range. Most recently inverse numerical methods has been presented by Bouchet et al. [2] . In their method, interdiffusion coefficients are calculated for each point of one diffusion couple, thus providing composition-dependent interdiffusion coefficients for the whole range of composition associated with the diffusion path in the semi-infinite diffusion couple. In this paper, we present an original and effective application of the Matano analysis to interdiffusion with volume changes. The paper is organized as follows: the first part summarizes the Matano method and presents an explicit formula for the Matano plane position in the finite system, with emphasis on the key restrictions. In the second part, we consider interdiffusion in the binary system in which the partial molar volumes depend on both compositions, Ω i = Ω i (c 1 , c 2 ) (dependence on c 1 , c 2 is nonlocal), and derive an effective formula for the position of the Matano plane and components' diffusivities.
The fundamental theory was depeloped in J. Crank [6] and further extended in many papers, e.g. [5, 10, 12, 23, 26] . Our derivation is consistent with all classical models. We explain in terms of a mathematical formalism which assumptions are crutial, and which are superfluous in these models. Some existing modifications of Matano's and S-F methods are based on different additional assumptions made at the begining of their reasoning.
Boltzmann-Matano method
Any successful diffusion experiment in which a redistribution of components in the diffusion couple is measured implies that the initial contact interface between two parts of such couple is lost -that is: it is not experimentally observable. As a result one can measure only the concentration profile of diffusing components. In the case of interdiffusion x M = x M (t) -depends on time. Kirkendall markers allow to trace experimentally the exact position of the contact interface in the case of interdiffusion [17] . However, these markers disturb the diffusion process and experimental assessment of Kirkendall markers' position is not accurate.
In 1933 Matano proposed a method to approach the initial contact interface, commonly known as 'Matano's plane', x M . Matano reduced the main problem to:
1. Fickian diffusion between two semi-infinite, initially separated parts of of the planar diffusion couple.
2. The concentrations in these parts are different and the initial distribution is given by the Heaviside function.
The diffusivity D depends on the concentration c, i.e. D = D(c).
4. Due to the above assumptions, the Boltzmann substitution λ = x/ √ t is allowed.
Matano considered the diffusion equation
Since the initial contact interface position x M is unknown, one has to apply the Boltzmann substitution with a shift to x M :
Particular solutions of (1) dependent only on λ satisfy an ordinary differential equation (ODE)
If we integrate this ODE, we get the integral equation for c = c(λ):
Equation (4) can be expressed in terms of the variables t, x:
Here, the time t > 0 is fixed, and one regards the Boltzmann substitution (2) as a change of variables x → λ. Taking into account natural boundary condition (concentration gradients vanish as x → ±∞ in unbounded media) we have the identity
Hence we get the Matano plane
where c ± are limits of the concentration c as x → ±∞. We can put x M , defined by formula (7), into the above equation (5):
The last two integrals can be calculated by parts:
From (8) with the integrals given by (9), (10) we have the following version of the Matano integral equation (5):
The formulae (9), (10) are useful to rewrite the integral in (7) as follows:
Hence the Matano plane satisfies the equation
Since the right-hand side of (13) is independent of x, we can take x = 0, and the effective formula for the position of Matano's plane becomes:
The advantages of the above formula (14) are:
(i) It allows to compute the Matano plane position based on experimental data.
(ii) It allows to control an error estimation.
(iii) In the above calculus we assume that the concentration c is continuous, monotone and has the integrable gradient ∂c/∂x. This assumption can be slightly relaxed if we replace Riemann integrals . . . (∂c/∂x) dx by Stjeltjes integrals . . . dc.
(iv) The diffusivity D = D(t, x) can be estimated by the formula (11).
(v) Since the Matano plane is derived as an expected (mean) position of a single component with some distribution on R, the final formula (14) can be easily adapted to the case of bounded, closed regions, e.g. the Matano plane for the symmetrical interval [−Λ, Λ] looks as follows
where c(±Λ) = c(t, ±Λ).
Darken method for interdiffusion with volume change
We apply Darken's method [9] to the case of interdiffusion in the binary system with volume change and present a modification of the Sauer-Freise method [24] . Consider the law
and consequently c 1 dΩ 1 + c 2 dΩ 2 = 0. Assume that D 1 = D 2 and consider two diffusion equations with drift v M :
If we multiply (17) , (18) by Ω 1 , Ω 2 , respectively, and add both equations, we get (by virtue of (16)):
The relations from (16) lead to
Thus (19) becomes
where
This way we reduce the system (17)- (18) to the thermodynamical (interdiffusion) form:
Since the integrals in (22) and (23) (22)- (23) turns to be similar to [24] :
The values of Ω 1 , Ω 2 can be expressed by c 1 , c 2 as follows:
Its matrix has the Wronskian determinant
which is expected to be non-zero for all t > 0.
Matano calculus.
Applying the Boltzman substitution λ = (
Let
Then particular solutions c i = c i (λ) for i = 1, 2 of the system (24)- (25) fulfill the ODE system:
Following the Matano procedure, we integrate these ODE's:
If equations (33), (34) are multiplied by c 2 , c 1 , respectively, then we eliminate g(λ):
Observe that the determinant in the left-hand side of (35) is the Wronskian determinant for c 1 , c 2 with respect to λ. It is natural to assume that c 1 , c 2 are bounded and differentiable with the derivatives dc i /dλ vanishing as λ → ±∞. Passing to the limit as λ → ∞ in (35), we get the Matano condition
Changing the variables from λ to x, we have
From the Matano condition (37) we derive x M :
These relations lead to 
Because the right-hand side is independent of x, we can take x = 0:
The expressions in brackets are similar to analogous terms for the Matano plane position (14) for the components c 1 and c 2 (treated as if they were mutually independent), hence we arrive at the formula
The above formula shows weighted Matano planes x M i for i = 1, 2, cf. (14) . It says that overall volume change results from partial volume changes of both components, however it does not imply that two Matano planes can be observed in the systems showing composition dependent partial molar volumes. These weights are nonnegative and their sum is equal to 1:
4 Conclusions 
,
and the estimated 'mean' diffusivity D is a convex combination of the diffusivities D 1 and D 2 at each point (t, x). 
